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In this paper we discuss a new type of 4-dimensional representation of the braid group. The
matrices of braid operations are constructed by q-deformation of Hamiltonians. One is the Dirac
Hamiltonian for free electron with mass m, the other, which we find, is related to the Bogoliubov
Hamiltonian for quasiparticles in 3He-B with the same free energy and mass being m/2. In the
process, we choose the free q-deformation parameter as a special value in order to be consistent with
the anyon description for fractional quantum Hall effect with ν = 1/2.
PACS numbers: 03.65.Fd,03.67.-a,67.30.-n
Introduction and motivation. The Bogoliubov Hamil-
tonian for quasiparticles in 3He-B is compared to Dirac
Hamiltonian for electrons, for example see Ref. [1]. It
can be expressed as (we have employed ~ = c = 1):
HB = m(~k)β + ~p · ~α (1)
where the mass m(~k) and momentum ~p are
m(~k) =
~k2
2m
− µ, ~p = ~k∆B/kF , (2)
∆B is equilibrium order parameter, kF is Fermi momen-
tum, and β and ~α are 4× 4 Dirac matrices:
β =
(
12 0
0 −12
)
, ~α =
(
0 ~σ
~σ 0
)
(~σ : Pauli matrices).
(3)
It is similar to the Dirac Hamiltonian for the electrons
with mass m:
H = mβ + ~p · ~α (4)
The difference is in the mass term. The Bogoliubov
Hamiltonian essentially depends on k, and is not invari-
ant under Lorentz group while the Dirac equation is.
In this paper, we would like to show that the Bogoli-
ubov Hamiltonian Eq. (1) can be connected with Dirac
Hamiltonian Eq. (4) through the braid relation (for braid
group, see, for example [2, 3]).
Our idea comes from the Dirac game trying to describe
that a spinor needs to be rotated 4π to resume to the ini-
tial state. C. N. Yang discussed this problem and showed
an explanation using braid group[4]. Since Yang’s com-
ment is not published, we firstly would like to review his
result in the following. If one defines a,b as the following
operations
a = b =
∗Electronic address: xbx@mail.nankai.edu.cn
†Electronic address: geml@nankai.edu.cn
then the braid group relation reads
aba = bab (5)
that together with the additional rule for Dirac game
abba = 1 (6)
imply that
a4 = b4 = 1. (7)
A diagrammatic illustration of Eq. (5) and Eq. (6) is
given by Fig. 1 and Fig. 2. The Dirac game is a model
a
b
a
=
b
a
b
FIG. 1: The braid group re-
lation
a
b
b
a
=
FIG. 2: The additional rule
for Dirac game
of spin-1/2 particle. In this paper, however, we take the
operations a, b as the operations on anyons discussed in
[6] and they also satisfy the braid relation Eq. (5). In-
stead of satisfying Eq. (7), for the simplest anyon model
they satisfy
a8 = b8 = 1, (8)
Which means a anyon needs to be rotated 8π to resume
its initial state. In this condition we look for what hap-
pens if we connect a with the Dirac Hamiltonian. We use
the q−deformation of the normalized Dirac Hamiltonian
in the form a = exp(i θ
2EH), where E is the energy, i.e.
HΨ = EΨ and θ is a constant and find b in terms of Eq.
(5). With the found b we define the new Hamiltonian
through b = exp(i θ
2
H). Finally we find that H is the
Bogoliubov’s Hamiltonian divided by its energy E (see
below, Eq. (21)).
Derivation. For a free electron the normalized Dirac
Hamiltonian is given in standard notation by [5]
HD =
1
E
(mβ + ~p · ~α) (9)
2with the normalization E =
√
p2 +m2, p = |~p| and
H2D = 1, as introduced in Ref. [5]. We introduce the
q-deformation of HD in terms of R1(θ) = e
i θ
2
HD . Then
we can get a q-deformation of another Hamiltonian H,
i.e. R2(θ) = e
i θ
2
H based on Eq. (5). As we show below,
R1 and R2 satisfy the braid relation:
R1R2R1 = R2R1R2. (10)
We shall look for a new type of solution for R1 and R2
that can not be written as R⊗1 and 1⊗R where R and
1 are 2-D matrix and identity, respectively.
After preforming a unitary transformation on both R1
and R2, they of course still satisfy the same relation. The
unitary matrix
V =
1√
2E


p+u
−1
− −p3u−1− 0 u−
−p+u−1+ p3u−1+ 0 u+
p3u
−1
− p−u
−1
− u− 0
−p3u−1+ −p−u−1+ u+ 0

 (11)
with p± = p1 ± ip2, u± =
√
E ±m, transforms the HD
diagonalized:
V HDV
† =
(
σ3 0
0 σ3
)
. (12)
It follows that in terms of such transformation R1(θ) be-
comes diagonal as well and is composed of block diagonal
form:
R′1(θ) = V e
i θ
2
HDV † =


ei
θ
2 0 0 0
0 e−i
θ
2 0 0
0 0 ei
θ
2 0
0 0 0 e−i
θ
2

(13)
=
(
a(θ) 0
0 a(θ)
)
,
where a(θ) =
(
ei
θ
2 0
0 e−i
θ
2
)
= ei
θ
2
(
1 0
0 e−iθ
)
.
Until now, θ can be a free parameter. One particular
choice is related to the anyon description for the frac-
tional quantum Hall effect (FQHE) with ν = 1/2 [6], let
θ = −pi
2
, then
a = a(θ = −π
2
) = e−ipi/4
(
1 0
0 i
)
. (14)
With the choice of θ = −pi
2
we can find a matrix b satis-
fying the braid group relation Eq. (5). A typical solution
is given by [7]
b =
1√
2
(
1 i
i 1
)
. (15)
In fact, both matrices a and b emergence exactly at the
anyon description for FQHE with ν = 1/2 [6] and satisfy
a8 = b8 = 1.
Under the action of the unitary transformation V , we
expect R′2(θ) = V e
i θ
2
HV † take a block diagonal represen-
tation. Therefore, the matrix
R′2 =
(
b 0
0 b
)
=
1√
2


1 i 0 0
i 1 0 0
0 0 1 i
0 0 i 1

 (16)
naturally satisfies the relation
R′1R
′
2R
′
1 = R
′
2R
′
1R
′
2 (17)
Utilizing the same transformation V to switch back, the
calculation gives
R2 = V
†R′2V =
1√
2
(1 − i 1
Ep
m
(
p2
m
β − ~p · ~α))
=
1√
2
(1 − iH). (18)
Where
H = 1
Ep
m
(
p2
m
β − ~p · ~α). (19)
Noting that H2 = 1, we can recast R2 to
R2 =
1√
2
(1− iH) = e−ipi4H = ei θ2H|θ=−pi
2
. (20)
Therefore H is just the Hamiltonian we are looking for.
Finally, we get
H = 1
Ep
m
(
p2
m
β− ~p · ~α) = 1E (
p2
m
β− ~p · ~α), E = p
m
E. (21)
The obtained Hamiltonian H has a natural explanation:
It is the Bogoliubov Hamiltonian for quasiparticles in
3He-B with the free energy µ = 0 and mass being m/2
and −~p.
Conclusion and discussion. We have shown that the
Dirac Hamiltonian Eq. (4) and Bogoliubov Hamiltonian
Eq. (1) can be related with each other by the braid
relation Eq. (5). It is known that the braid matrices
R′1 and R
′
2 given by Eq. (13) and Eq. (16) are related
to the anyon description for FQHE with ν = 1/2 [6]. If
there is evidence of physical consequence of associative
Hamiltonian H based on HD through braid relation, we
may expect that Dirac particle could be decomposed to
anyons on the basis of the braid relation.
In our derivation, We have decomposed the 4× 4 rep-
resentation into two 2 × 2 representations. Therefore if
we denote in 2 dimension the interchange of two flux-
tube-particle composites by a rotation [8] as Fig. 3, then
a, b which defined as before must satisfy the braid rela-
tion Eq. (5) for non-abelian models. This was discussed
by Preskill [7] and in path-integral formulation by Wu
in [9]. It is well known that the braid relation Eq. (5)
is an asymptotic limit of Yang-Baxter equation (YBE)
3=
Φ, q
Φ, q
FIG. 3: Interchange of two flux-tube-particle composites by
a rotation
[10, 11, 12] and in quantum field theory YBE describes
the scattering of particles in (1+1) space-time [13]. From
the aspect of the related YBE describes the scattering of
two “particles”, which may be anyons, we might be brave
to imaging a possible decomposition of a Dirac particle.
However, The nature of our result is still not clear.
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